The interaction between a stellar magnetic ®eld and a turbulent accretion disc creates a twist of the magnetic ®eld which leads to an in¯ation of this magnetic ®eld. This work shows that this in¯ation occurs for a large range of twists, and is signi®cant even for twists of order 1.
INTRODUCTION
Accretion discs are ubiquitous in astrophysics and in particular in accreting objects like cataclysmic variables, X-ray binaries or young stars. For many years magnetic ®elds have been included in models of such objects to be able to generate out¯ows or jets or to explain accretion of matter on to the poles of the central objects. The interest in magnetic ®elds in accretion systems has been recently strengthened. On the one hand, small-scale magnetic ®elds are now believed to play an important role in the angular momentum transport in discs. On the other hand, the signi®cant part played by large-scale magnetic ®elds is revealed by recent observations of the spin period of the central objects. Without magnetic ®elds, the accretion of matter always spins-up the central objects. However, observations show the existence of spin-down torques both in X-ray binaries (Bildsten et al. 1997; Bildsten 1998) and in T Tauri stars (Bouvier et al. 1995) . Magnetic ®elds in the corona (the region above the disc) establish a connection between the disc and the central object, and are thought to be responsible for such a torque. Moreover, quick switches from the spin-up state to the spin-down state are now observed in several X-ray binaries, and cannot be explained by the standard model for the interaction between the magnetic ®eld of the central object and the disc (Ghosh & Lamb 1978) . Thus the study of this interaction must be revisited, as it plays a crucial role in accreting systems determining, in particular, the net torque exerted on the central objects.
Concerning accretion discs, the main problem is to model how matter loses angular momentum (Papaloizou & Lin 1995) . We assume here the presence of turbulence in the disc which generates an effective turbulent viscosity. This idea is nowadays well supported by two facts. First,¯ows in accretion discs have high Reynolds numbers. Second, instabilities developing in accretion discs and giving rise to turbulence are now quite well identi®ed and studied, especially the magneto-rotational one (Stone et al. 1996) . Nevertheless, the whole process from the development of the instability to a global description of the effective viscosity is not yet fully understood. Prescriptions for viscosity are thus still very useful. The most well-known is the Shakura±Sunyaev prescription (Shakura & Sunyaev 1973) , which is a parametrization n , a ss C S h; 1 where n , is the effective viscosity, C S is the sound speed, h is the half-thickness of the disc, and a ss is a parameter which includes all the unknowns. More recently, Heyvaerts, Priest & Bardou (1996) have suggested, using a macroscopic physical argument, that the effective viscosity behaves as
where Q is the rotation velocity of the disc, and where a is a constant proportional to the square of the ratio of the injection length of the instability at the origin of turbulence to the half-thickness h of the disc. In non-self-gravitating discs, as will be considered here, these two expressions for viscosity are equivalent (see the comments in Bardou, Heyvaerts & Duschl 1998) . Note that, in this case, we have a ss 2 p a. One important consequence of the existence of an effective viscosity is that it implies, in fully ionized discs, an effective magnetic diffusivity of the same order h , . n , , because in 3D turbulence these two quantities both scale with the product of the rms turbulent velocity and the correlation length. Thus the magnetic diffusivity in the disc is very ef®cient, and the magnetic ®eld remains locally perpendicular to the disc in the radial direction (Lubow, Papaloizou & Pringle 1994; Heyvaerts et al. 1996) . This property has a signi®cant outcome on the shape of the magnetic ®eld in the corona of an accreting system, as will be discussed.
The interaction between a stellar magnetic ®eld and an accretion disc creates a twist of the magnetic ®eld which is due to the difference of rotation between the central object and the accretion disc. Indeed, while the magnetic ®eld is not distorted radially by the accretion of matter because of the large radial magnetic diffusivity, the magnetic ®eld is frozen into the disc in the azimuthal direction. Hence, except at the corotation point, an azimuthal component B f of magnetic ®eld is created. The twist T is de®ned by the ratio of the azimuthal component of the magnetic ®eld at the surface of the disc B f to the vertical component of it: T B f =B z . The value of the twist can be evaluated by considering the path formed by the central object, the disc and the corona (Bardou & Heyvaerts 1996; Bardou 1997) :
where R is the cylindrical radius, and Q , is the rotation of the star. In the context of thin accretion discs, the twist is therefore large, making the dipolar poloidal con®guration non-stationary. Bardou & Heyvaerts (1996) have calculated the new stationary magnetic con®guration, taking into account, in particular, the fact that the magnetic ®eld must remain perpendicular to the disc in the radial direction. It was shown that the new con®guration differs strongly from the dipolar one. It has an in¯ated shape in the radial direction. The amount of magnetic¯ux threading the disc is thus strongly reduced. The in¯ation of the magnetic ®eld occurs in the radial direction because of the large radial magnetic diffusivity, and is driven by the twist of the magnetic ®eld lines. Note that the twist, which is large in the initial unstable dipolar con®guration, is of course reduced to very small values in the ®nal in¯ated con®guration. Whereas large initial twists were considered in Bardou & Heyvaerts (1996) , there can be physical processes that limit the twist in the initial dipolar poloidal con®guration. Some arguments were put forward for a twist of order 1. Ghosh & Lamb (1978) assumed a suf®cient reconnection rate through the disc, but this argument is not established on a strong physical basis. More recently, Campbell (1997) and Campbell & Heptinstall (1998) have shown that, when there are¯ows of matter along the magnetic ®eld lines, the value of the azimuthal component of the magnetic ®eld at the surface of the disc can be reduced, and they obtained T . 1.
The work presented here shows, extending Bardou & Heyvaerts (1996) , that the deviation from a dipolar con®guration occurs not only for large initial twists but that it is also signi®cant for twists of order 1.
INFLATION OF B FOR T . 1 2.1 Assumptions and equations of the problem
The approach used here consists in considering the behaviour of the coronal magnetic ®eld, taking into account both the constraints due to the central object on which the magnetic ®eld is attached and those due to the interaction with the disc. More technically, we consider the Grad±Shafranov equation, treating the central object and the disc as boundary conditions. Such an approach was already used by Lynden-Bell & Boily (1994) and Bardou & Heyvaerts (1996) .
The basic assumption of this calculation is that the coronal magnetic ®eld is force-free. We thus suppose that the corona is perfectly conducting, or at least that the disc is much more resistive than the corona. Therefore the evolution of the coronal magnetic ®eld is given by the Grad±Shafranov equation written in spherical coordinates r; v; f ¶ ¶r
where all the quantities are dimensionless, the¯ux function a being referred to its value on the magnetopause, and the spherical radius r being referred to the radius of the magnetopause R m . The current I is de®ned by I RB f , where R is the cylindrical radius also referred to R m , and where B f is referred to the value of the magnetic ®eld on the star. The current I is a function of the¯ux function only.
We then use the self-similar assumption (see the comments on it in Section 3), writing the¯ux function a as a separable function of r and v: a r Àp f m; 5 with m ; cos v, and p a parameter to be determined solving equation (4). In the absence of an accretion disc, the stellar magnetic ®eld is taken to be dipolar, i.e., p 1 and f m1 À m 2 . Using equation (5) in equation (4), we obtain two equations:
where D is a constant to be calculated. Equation (6) is easily integrated, and gives
where the integration constant is zero to ensure that I vanishes at in®nity. As B z 1=R ¶a= ¶R, the twist T of the magnetic ®eld is thus linked to the constant D by
Putting equation (9) into equation (7), we ®nally obtain the equation to be solved to determine f m:
As equation (10) is a second-order differential equation, and as p is also to be determined, three boundary conditions apply. These boundary conditions are the following. The function f m must vanish on the polar axis, i.e., f m 10 and must have a value of 1 in the disc, i.e., f m 01. In addition, because of the large diffusivity in the disc, the magnetic ®eld remains perpendicular to the disc, i.e., f H m 00.
Dependence of the in¯ation on the twist
Equation (10) does not have a general analytical solution. In the limit T q 1, the analytical solution with the previously mentioned boundary conditions was given by Bardou & Heyvaerts (1996) . Here, equation (10) is solved numerically by relaxation (see, e.g., Press et al. 1992) for any value of the twist T. We will be particularly interested in characterizing the solution for T . 1. We are ®rst interested in the value of the parameter p (see equation 5). If the poloidal magnetic ®eld is dipolar, then p 1. The value p 0 means that the magnetic ®eld lines have an open topology. The smaller p is, the more the magnetic ®eld lines are distorted and different from the dipolar con®guration. Fig. 1 gives the value of p as a function of the twist T.F o rT 1 we obtain p . 0:7, which differs signi®cantly from 1, the dipolar value. To investigate how much the new con®guration is different from the dipole, we plot in Fig. 2 the new value of the intersection radius R i H with the accretion disc as a function of the radius for T 1. This intersection referred to its value in the case of a dipole is increased, for example, by a factor of ,6a tR 100R m . Thus, even for a modest twist of 1, the radial distribution of the magnetic ®eld in the disc is signi®cantly different from the dipolar one. For comparison, the intersection radius for T 10 is also plotted in the same ®gure.
An analytical formula giving p as a function of T was derived in the case of large twists T q 1 (Bardou & Heyvaerts 1996) and is
Unexpectedly, equation (11) gives p with a good approximation for any value of the twist. The error is always less than 4 per cent and indeed decreases rapidly for large twists as shown by Fig. 3 , which compares the value of p calculated by relaxation and the one given by equation (11). The decrease of the error for T ! 0 is simply due to the fact that equation (11) is exact for untwisted magnetic ®eld lines (T 0). The maximum of the error is naturally located approximately in the range 1 < T < 10 but, again, the error is never large. Finally, we can compare the new shape of the magnetic ®eld lines in the corona with the dipolar shape. This is done in Fig. 4 with the new shape obtained for T 1 represented as a solid line for a given ux function a. Two dipolar magnetic ®eld lines are plotted. The ®rst one (dot-dashed line) has the same¯ux function a, and is thus what the magnetic ®eld line would be if there were no twist. The second dipolar magnetic ®eld line drawn in Fig. 4 (long-dashed  line) is one intersecting the disc at the same radius as the in¯ated one obtained with T 1 initially, and thus it does not have the samē ux function. Comparison of these three lines shows both the effect of the in¯ation on the intersection radius with the disc and on the distortion of the magnetic ®eld line. The conclusion from Fig. 4 is that, for T 1, the main effect is to in¯ate the magnetic ®eld line, and thus the intersection radius between the magnetic ®eld and the disc is pushed outward (by a factor of 2.5 at 10R m ), whereas the shape of the magnetic ®eld lines remains relatively close to a dipolar shape.
To quantify further the change, due to the in¯ation, in the shape of the magnetic ®eld lines, we have plotted their angular dependence f m for different values of the twist (Fig. 5) . We ®nd again in this ®gure the small distortion induced by twists of order 1, whereas the distortion is much more signi®cant for larger twists for which the magnetic ®eld lines take an elongated shape in the radial direction inducing an expulsion of magnetic¯ux outside the accretion disc.
Thus, if the twist is limited to 1 by some physical mechanism such as poloidal¯ows, then the coronal magnetic ®eld will not have q 1999 RAS, MNRAS 306, 669±674 Figure 3 . The exact value of p obtained numerically by relaxation is compared to the analytical value p ana calculated with the large twist assumption. Even for small twists, the error remains small. a shape very different from the dipolar one, but the magnetic¯ux distribution in the disc can be signi®cantly changed. This should have consequences on the net torque on the central objects.
COMMENTS ON THE SELF-SIMILAR ASSUMPTION
In this section we investigate the relevance of the self-similar assumption used in this work.
Within the self-similar assumption the central object and the magnetosphere are considered as point-like. Thus this assumption is usually valid far from boundaries such as the magnetopause. In this problem, however, the self-similar assumption also implies a speci®c condition on the twist T. Indeed, following equation (9), which results from the self-similar calculation, D and p are constants. Therefore the twist T is constant, i.e., it does not depend on magnetic ®eld lines.
How does this compare with the real physical twist given by equation (3) ? The twist depends on R=h and on 1 À Q , =Q. These two factors depend on R making T depend on R and thus on the magnetic ®eld lines. However, R=h has a very weak dependence on R, typically R À1=8 for standard accretion discs (Frank, King & Raine 1992) . So, for central objects rotating very slowly (Q , =Q p 1), the twist T varies only as R=h~R À1=8 and the self-similar assumption should be fairly good. On the other hand, with a rather fast central rotator, T will vary strongly with R, and the self-similar assumption should be rather poor.
To check the validity of the self-similar assumption, we solve numerically the Grad±Shafranov equation with a standard ®nite-differences method, which does not use the self-similar assumption (cf. Bardou & Heyvaerts 1996) . The calculation proceeds by iteration using a control parameter L in equation (3), which allows us to control the amplitude of the twist. It is numerically limited to small control parameters, but nevertheless allows us to investigate the magnetic con®guration up to twists of about 1. It is thus adequate for our purposes to discuss T . 1 con®gurations and to test the self-similar assumption.
We discuss this assumption in both cases of non-rotating and rotating central objects using this ®nite-difference numerical calculation.
Non-rotating central objects
We ®rst consider the case of non-rotating central objects. Following equation (5), the angular shape of the magnetic ®eld lines should not depend on the¯ux function if the con®guration is really self-similar. Fig. 6 plots the function f m deduced from the numerical calculation by ®nite differences for several magnetic ®eld lines. In this ®gure we have selected the magnetic ®eld lines such that their intersection radius is larger than 10R m . The precise number 10R m chosen here is somewhat arbitrary, but is used to ensure that the selected magnetic ®eld lines are far from the magnetopause, and thus that the asymptotic regime is reached. The functions f m of lines between R m and 10R m indeed continuously ®ll the gap between the dipolar f m (at the magnetopause) and the represented functions f m. Fig. 6 shows that such an asymptotic regime exists or, in other words, that the function f m depends weakly on the¯ux function a. The self-similar assumption therefore seems to be quite reasonable following this criterion.
As previously stressed, the use of the self-similar assumption also implies a constant twist in the disc, and thus we now compare the predictions made by the self-similar calculation and by the ®nite-differences method for the new values of the intersection radius R i H . In Fig. 7 we have plotted the intersection radius R i H calculated with the ®nite-differences method for an initial twist TRÀR m =R 1=8 and the intersection radius given by the selfsimilar calculation for initial twists provided by equation (3) at different positions in the disc. Obviously, it is impossible to ®t exactly the whole curve R i H =R i R with one of the results of the selfsimilar calculation. A rather good guess of R i H =R i in a given restricted part of the disc can be made by the self-similar calculation using the value of the twist in the same given part of the disc.
Rotating central objects
We ®nally consider the case of rotating central objects. As previously discussed, the rotation of the central object introduces a stronger dependence on R for the twist because of the factor 1 À Q , =Q (see equation 3). The effect of this factor on the intersection radius R i H of the magnetic ®eld lines with the disc is summed up in Fig. 8 R R c , the twist vanishes, but an in¯ation still occurs because magnetic ®eld lines with R < R c must in¯ate and create a magnetic pressure (R i H =R i > 1 for R R c ). The factor 1 À Q , =Q thus increases the difference of behaviour between lines at different positions in the disc (R p R c , R . R c and R q R c mainly). Clearly, this will deteriorate the accuracy of the self-similar assumption. Fig. 9 shows this effect of the dependence of the angular function f m on the¯ux function a. This dependence is considerably increased compared to the non-rotating case. The self-similar assumption thus seems unsuited for central objects with an important rotation. However, results without rotation of the central object would give a reasonable lower limit of the in¯ation nearly everywhere in the disc.
CONCLUSIONS
We have shown in this work that the interaction between a turbulent accretion disc and a stellar magnetic ®eld induces an in¯ation of the magnetic ®eld. This in¯ation occurs for large twists, as shown before in Bardou & Heyvaerts (1996) , but also for modest twists of order 1. On the one hand, when the twist created by the system is large, both the radial distribution of magnetic ®eld in the disc and the shape of the magnetic ®eld lines in the corona differ strongly from the dipolar con®guration. Magnetic ®eld lines are extremely elongated in the radial direction, and an important ejection of magnetic¯ux occurs because of this distortion. On the other hand, when the twist created by the system is kept at smaller values of order 1, the in¯ation still occurs, but it mainly implies a change in the radial distribution of the magnetic ®eld in the disc without changing much the shape of the magnetic ®eld lines in the corona. However, this change in the radial distribution should have signi®cant consequences on the net torque exerted on the central object.
We have also presented in this work a study of the accuracy of the self-similar assumption. The reliability of the assumption depends, for example, on the rotation of the central object and on whether one is interested in the global behaviour of the system or in a smaller part of the disc. If used cautiously, this assumption remains a good tool to evaluate the magnitude of the studied effects.
Finally, it is interesting to point out that the physical mechanisms, such as poloidal¯ows, which can possibly reduce the twist, probably do not reduce it with the same ef®ciency in the whole disc. Depending on the time-scales associated with the different mechanisms reducing the twist, and on the time-scales associated with the in¯ation of the magnetic ®eld (which are not evaluated here), the con®guration due to large twists and the one due to twists of order 1 can exist at the same time, but in different parts of the disc. One can think, for example, that poloidal¯ows are stronger close to the magnetopause than in the outer part of the disc. In such a case, the magnetic ®eld would remain close to a dipolar con®gura-tion in the inner part of the disc, and would deviate more and more in the outer part of the disc where it would take an elongated con®guration.
It thus seems clear that more work would be necessary to determine more details of the global behaviour of magnetic accreting systems.
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